Abstract. Extending previous searches for prime Fibonacci and Lucas num-
Introduction
Fibonacci numbers F n and the related Lucas numbers L n are defined recursively by the formulas
These numbers have many interesting properties and applications; see [7] and the historical references therein. Here we report on a search for new primes F n and L n which extends previous work of J. Brillhart, H. C. Williams, and F. Morain. It turned out that F n is a prime (or a probable prime, when marked with an asterisk) for n = 3, 4, 5, 7, 11, 13, 17, 23, 29, 43, 47, 83, 131, 137, 359, 431, 433, 449, 509, 569, 571, 2971, 4723, 5387, 9311, 9677 * , 14431 * , 25561 * , 30757 * , 35999 * , 37511 * , and for no other n ≤ 50000. The interval n ≤ 1000 had been covered by Brillhart; cf. the review of [7] . Williams searched 1000 < n ≤ 6000 for probable primes (as reported by Brillhart [2] ) and showed that F 2971 was indeed a prime, while F 4723 and F 5387 were subsequently proven prime by Morain [12] using techniques similar to those we will be describing below.
Also, L n has been shown to be a prime (or a probable prime) for n = 0, 2, 4, 5, 7, 8, 11, 13 * , and for no other n ≤ 50000. The interval n ≤ 500 had been covered by Brillhart [7] and was extended to n ≤ 1000 by Williams (as mentioned in [2] ), who found four new primes L n .
We recall that F n with n ≥ 5 cannot be prime unless n itself is a prime. Also, L n with n > 0 can be prime only when n is a prime or a power of 2. For large numbers F n and L n , rigorous proofs of primality became possible due to the multiplicative structure of F n ± 1 and L n ± 1, the existence of extensive factor tables, and the availability of powerful factoring algorithms.
Primality testing
The theorems applied to prove primality of large numbers N rely on the provision of a completely factored part of N −1 or of N +1 that exceeds in magnitude N 1/2 or lies, at least, between N 1/3 and N 1/2 . We first state the theorems, which are derived from those found in [4] , and then we discuss their application from a practical point of view.
Let N − 1 = G · H, where G is a completely factored portion of N − 1, H > 1, and (G, H) = 1.
Theorem 2. Suppose 2G 3 > N. Let r and s be defined by H = 2Gs + r, 1 ≤ r < 2G, where s = 0 or otherwise r 2 − 8s is not a perfect square. If for each prime p i dividing G there exists an a i such that a
A pair of Lucas sequences {U n }, {V n } is defined by the formulas
where P and Q are integers such that the discriminant D = P 2 − 4Q = 0. Note that the Fibonacci and Lucas numbers we are studying in this paper are included in the more general definition by assuming P = 1, Q = −1, D = 5. Now let N + 1 = G · H, where G is a completely factored portion of N + 1, H > 1, and (G, H) = 1. 3 > N. Let r and s be defined by H = 2Gs + r, |r| < G, where s = 0 or otherwise r 2 − 8s is not a perfect square. If for each prime
Theorems 2 and 4 are corollaries to Theorems 5 and 17 of [4] obtained by letting m = 1 in the assumptions of both theorems, which seems to be a good choice for most practical purposes. Note that, in Theorem 2, s = 0 would mean H = r and H < 2G, the inequality being equivalent to N − 1 = G · H < 2G 2 or N ≤ 2G 2 . Thus, the square root of r 2 − 8s must be calculated whenever 2G 3 > N > 2G 2 , and this is always the case when G scarcely exceeds (N/2) 1/3 . Similarly, in Theorem 4, s = 0 means N ≤ G 2 − 2 and the square root must be calculated when (G − 1)
Examining Theorem 1 and Theorem 2, it is apparent in both cases that the amount of computation needed to prove a number N prime is roughly proportional to the number of (different) prime factors p i of the completely factored part. Now, suppose we have a factored part G > N 1/2 that includes many small factors p i while the larger ones alone suffice to surpass the minimum limit of (N/2) 1/3 . In this situation it appears more advisable to use Theorem 2 with a reduced set of factors, though at first sight we would be inclined to apply Theorem 1. The reason is that for every small p i discarded the computation of at least one power modulo N is saved. The required additional computation of a single square root can certainly be neglected.
It is interesting to note that the absence of small factors p i in the used factored part of N − 1 has another favorable effect. In this case, usually a single base a fixed in advance is sufficient to check all the conditions guaranteeing primality. In particular, the power a N −1 mod N has to be calculated only once for all the larger p i involved.
In the experience of the first author in determining very large primes over many years, this has in fact been the standard situation, which allows a further important
This eliminates about two thirds of the computing time otherwise needed.
In Section 4 our general observations will be illustrated by a 1137-digit prime N . Considerations similar to the above suggest that, whenever possible, also Theorem 4 should be preferred to Theorem 3 on the same grounds.
Application to Fibonacci and Lucas numbers
In the specific case of proving primality for Fibonacci and Lucas numbers we can try to obtain a sufficiently large factored part by using the following identities and relations, which are all taken from [5] , the most relevant reference for this paper. We include them here to make our exposition largely self-contained. The basic relations are:
To obtain the needed factorizations of Fibonacci and Lucas numbers appearing on the right-hand side of each identity, use is made of the following facts. First, we recall that F 2n = F n L n . Thus every F n with n even always splits into the product of an F n with odd subscript n and one or more factors L n .
A Fibonacci number F n with n odd is algebraically factored as
µ being the Möbius function. F * n is called the primitive part of F n . The algebraic multiplicative structure of L n is described similarly. Let n = 2 s m, where m is odd. Then
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The primality of L 14449
To exemplify various aspects of the methodology, we give a rather detailed analysis of the 3020-digit Lucas number L 14449 . In this case we have 14449 = 4·3612 + 1 and
where the last factor is
. Surprisingly enough, F * 7225 is a 1137-digit probable prime representing 37.6% of the digits of L 14449 − 1. If we could prove F * 7225 prime, then Theorem 2 would provide a primality proof for the given Lucas number.
To accomplish this, the clue was given by the following formula kindly supplied by J. Brillhart [2] , namely,
2 = 7225, this becomes
The complete factorization of the portion G, which has 604 digits, is obtained by joining the prime factors of
to those of all the remaining components which are factored in [5] . Altogether, the portion G has about 53.1% of the number of digits of F * 7225 − 1 and contains 65 different prime factors p i to be taken into account if Theorem 1 were to be applied to prove the primality of F * 7225 . As we have indicated in Section 2, the amount of computation involved might be reduced by neglecting the 16 small divisors p i of G having p i < 1000. Then the remaining part of G still has 50.6% of the total number of digits. However, the reduction is much more substantial if we choose to use Theorem 2 instead. Retaining only those 17 prime factors p i of G having 14 digits at least (the largest one has 56 digits), their product gives a 400-digit number representing a 35.1% portion of F * 7225 − 1, well in excess of the required minimum. Once the proof is complete, the primality of the 3020 digit number L 14449 can also be established.
A similar but less fortunate situation occurred with the probable prime number F 35999 , since Trying to factor G − 1 or G + 1 is a hopeless enterprise, as an algebraic decomposition cannot be expected and the magnitude of the number is prohibitive anyway. Unfortunately, the portion F 9000 L 9000 did not supply the factors needed for a prime-proof of F 35999 either.
For the one Fibonacci number and several Lucas numbers N whose primality could be established for the first time, we give in Table 1 their number of digits, the proportion of the effectively factored part G of N − 1 or N + 1, which is approximately log(G)/log(N ), and the number of factors sufficient to apply Theorem 2 or Theorem 4. Finally, the size of the least factor included is shown.
Prime primitive parts
Encouraged by the conclusive treatment of F * 7225 and by a remark in [5] saying that there are a number of additional formulas breaking the factorization of F * n ± 1 and L * n ± 1 into factorizations of smaller numbers F n and L n , we engaged in a systematic search for prime primitive parts. Let us first summarize our findings, including earlier knowledge from [5] .
For composite Fibonacci numbers F n , the primitive part F * n has been shown to be a prime (or a probable prime, when marked with an asterisk) for n = As we could not find the formulas alluded to in the published literature, we independently developed some identities which proved useful for establishing the primality of primitive parts F * n and L * n in quite a number of cases. Let us assume that the index n is of the particular form n = q r p, where q, p are primes, q ≤ 5, p odd, p = q, and r ≥ 1. Then we have:
For the particular case of r = 1 each of these formulas boils down to a very simple form:
The last of these expressions follows from the fact that
p . This relation, as well as the given general formulas, can be verified through calculation involving the well-known expressions of F n and L n in terms of α = (1 + √ 5)/2 and β = (1 − √ 5)/2. Since p is assumed to be odd, on the right-hand side we always have a decomposition of the form
which similarly applies to the general case. This further facilitates finding the prime factors needed to invoke Theorem 2.
The primality of L * 13876
Again, let us first discuss an instructive particular case. For the 2900-digit number L * 13876 we have 13876 = 2 2 · 3469, where 3469 is a prime, and thus we obtain the decomposition
(for this special Aurifeuillian factorization, see [5] ).
The numbers F 867 , L 289 , L 102 , L 204 , F 347 , and L 347 were factored in [5] . Moreover, we factored
as well as
Seeking for more of the needed prime factors, we also found With all these factors at hand, we could proceed to prove the primality of L * 13876 . Multiplying the 37 known prime factors of L * 13876 − 1 having 8 digits at least, we got a portion of 999 digits, or 34.4%, sufficient to apply Theorem 2. The final test took about 21 minutes on the special purpose computer designed by the first author and described in [6] .
It seems worth mentioning that this not only completed our primality proof, but also the remarkable factorization of the Lucas number L 13876 = L * 4 L * 13876 = 7L * 13876 . The summary of Table 2 is an analogue to Table 1 for prime primitive parts with more than 1000 digits. The recorded form of subscripts shows in which cases the formulas of the last section could be applied successfully. For the primes F * 14203 and L * 11221 , whose subscripts are of the form 7 r p, and for those three instances where the subscript has more than two different prime factors, see the next short section on more recent developments in the field.
The given formulas were also applicable to 2 · 739). A number of primitive parts that resisted such a concise treatment, but were of a size just accessible to a general prime-proving procedure, have been subjected to APRT-CL, the Cohen-Lenstra version of the Adleman-Pomerance-Rumely test implemented in [13] . The largest prime primitive part confirmed in this way was the 843-digit number F * 7917 , which consumed 134 hours and 28 minutes on a Pentium 100 processor. 
Recent developments
After the original version of this paper had been submitted we were pleased to learn from J. Brillhart that he had decided to put together a paper with a collection of identities for primitive parts F * n that he had been keeping in his notebooks for many years. This paper [3] particularly contains a general expression for F * q r p s − 1 in terms of some other Fibonacci numbers. That expression includes the special formula crucially applied in our Section 4, and some of those given in Section 5 as well.
As we had the privilege of seeing an early draft of Brillhart's enlightening note, we could profitably use his ideas for developing a number of further identities that are provisionally assembled in [9] . They include expressions for L * n − 1 with subscripts of the form n = 2 t q r p s , where t ≥ 0 and q = 3, 5, 7. The following two formulas are special cases corresponding to ones from [3] and [9], respectively, and were applied to verify the new primes F * 14203 and L * 11221 , now added to Table 2 . They also give an idea of certain similarities generally observed in such identities:
The entries L * n − 1 of Table 2 whose subscripts n have three different prime factors (as well as several smaller primes L * n of that kind) are also related to explicit formulas given in [9] . Previously the factors needed for a prime-proof in those cases had only been determined experimentally.
Factor tables
Many of the factorizations needed for our primality proofs were taken from the tables in [5] and their update [10] , which cover Fibonacci numbers F n for odd n ≤ 1000 and Lucas numbers L n for all n ≤ 500. However, many factorizations needed beyond these limits were specifically obtained during the course of this investigation. Thus the occurrence of large prime cofactors was often decisive for the completion of a proof.
The means used were essentially the factoring and prime-proving procedures of the UBASIC package [13] , R. P. Brent's vectorized ECM implementation [1] , and the first author's program for the "p − 1" method.
Based on a rather modest collection of factorizations of numbers L n we had gathered for 500 < n ≤ 1000, P. Montgomery has added to this a considerable number of more significant factorizations. Currently he is maintaining the extension table [11] covering that segment.
Special mention should be made of two "difficult" factorizations in the extended range that were kindly produced at our request. H. J. J. te Riele, using PPMPQS, split the 90-digit cofactor of L * 891 into a p35 · p56 product to enable us to complete the proof for L 10691 , and Montgomery, using SNFS, split the 118-digit cofactor of L * 601 into a p44 · p75 product to enable us to complete the proof for L * 10821 . Regardless of their possible involvement in primality proofs, we have continued doing factoring work for numbers F n and L n with 1000 < n ≤ 9750. The result is recorded in [8] and includes, in particular, a listing of all primitive prime divisors p < max(2 34 , 4 · 10 6 n). They were determined by trial division taking advantage of certain linear dependencies on n that are summarized in Theorems 2 and 3 of [5] .
In the Supplement to this paper we assemble all the complete factorizations of numbers F n (Table I ) and L n ( Table II) that we have obtained. The notation used to display the algebraic structure of each number is that of [5] . Both tables include factorizations with probable prime "final" factors whose primality could not yet be established. Note that in this context "complete" does not necessarily mean that all the algebraic factors of a listed number have also been completely factored.
Within the range of the Supplement, the factorizations of L * 1181 and L * 1347 had previously been obtained by Montgomery, and F * 2361 had been proven prime by Morain, in order to be used in the prime-proofs of [12] that were carried out in 1990. Furthermore, the factorizations of F * 1015 and F * 1035 have recently been completed by Thomas Sosnowski.
An extraordinary coincidence
A glimpse at Table I in the Supplement led us to the casual observation that the large primitive parts F * 12987 and F * 13797 , two clearly different probable prime numbers, have the same number of digits, which is 1626. More amazingly, a closer look at these primitive parts revealed that they even coincide in their first 26 digits, since F * 12987 =1224095853688062236705644239919 . . . 92961, F * 13797 =1224095853688062236705644245612 . . . 77761, the second number being "slightly" larger than the first.
The reason for this striking coincidence is an equally surprising similarity in the structure of the subscripts. They are both of the form n = 3 3 uv, where u, v are primes, and uv − u − v has the same value in both cases. In fact, 12987 = 3 3 · 13 · 37 and 13797 = 3 3 · 7 · 73, where 13 · 37 − 13 − 37 = 7 · 73 − 7 − 73 = 431. The role played by these relations becomes apparent when an attempt is made to give an estimate of log(F * n ) for the special form of n, based on the expression F * 3 3 uv = F 3 3 F 3 2 u F 3 2 v F 3 3 uv F 3 2 F 3 3 u F 3 3 v F 3 2 uv = 5777 · F 3 2 u F 3 2 v F 3 3 uv F 3 3 u F 3 3 v F 3 2 uv , where 5777 = F 3 3 /F 3 2 . Since for reasonably large n we have log(F n ) ≈ n log(α), the logarithm of the last fraction approximately becomes (3 3 − 3 2 )(uv − u − v) · log(α) = 18 · 431 · log(α) = 7758 · log(α).
Adding log(5777) to the result and doing all the calculations with high precision, we obtain log(F * n ) = 1625.087815426876 . . ., whose inverse logarithm exactly reproduces the first 49 digits of F * 12987 . These include the complete string of common initial digits of the two numbers F * n in question. We then investigated the possible uniqueness of this phenomenon. Obviously, there are many pairs (n 1 , n 2 ) such that F * n1 and F * n2 are "almost equal" in the above sense. We have only to look for pairs (u 1 , v 1 ), (u 2 , v 2 ) of odd primes with u 1 v 1 − u 1 − v 1 = u 2 v 2 − u 2 − v 2 = c. Here the smallest possible constant is c = 71, which occurs for (u, v) = (7, 13), (5, 19) , giving (n 1 , n 2 ) = (2457, 2565). The next examples are (n 1 , n 2 ) = (3861, 4185), (5049, 5535), (5481, 5805), (5643, 5859), . . .
In spite of this rather frequent occurrence, among all couples of pairs (u, v) having c ≤ 623 the only two of the involved primitive parts that happen to be primes (or probable primes) are the numbers F * 12987 and F * 13797 . It is just this accidental fact that makes them so exceptional. Incidentally, there is a third pair (u, v) with c = 431, leading to another seemingly equal primitive part, which is F * 14715 . This one, however, is divisible by the prime p = 310074481.
